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In this work, we use the numerical renormalization group (NRG) theory to study the thermody-
namics of the two-impurity Anderson model. Two different methods are used to estimate the effect
of the Dzyaloshiskii-Moriya (DM) interaction on the variation of the Kondo temperature. When
the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction is vanishing, the two different estimations
give different tendency. If we use the peak of the specific heat to identify the variation of the Kondo
temperature versus the Dzyaloshiskii-Moriya interaction, we get an almost linear function. However,
if we use the low temperature universal curve of the impurity entropy, we get a quadratic function.
These results indicate that the previous debates about the influence of the spin-orbit coupling on
the Kondo temperature may come from the different definitions of the Kondo temperature. When
the RKKY interaction is ferromagnetic, there are two stages of the Kondo screening. Both the
two estimations demonstrate that the second stage of the Kondo temperature is exponentially de-
pendent on the DM interaction. There results are dramatically different from those calculated via
perturbation theory.
PACS numbers: 72.10.Fk, 71.70.Ej, 72.15.Qm
I. INTRODUCTION
Magnetic impurities in a Fermi gas can give rise to the
Kondo effect1, a series of universal behaviors of the sys-
tem induced by the quantum correlation between the itin-
erant electrons and the quantum impurities, below the
characteristic Kondo temperature TK . Magnetic doping
in spin-orbit coupled systems2 has practical applications
and dramatic importance, e.g., open the surface band
gap3–6 of topological insulators7,8, generate the quan-
tum anomalous Hall effect in topological insulator thin
films9, control the transport properties of spin-orbit cou-
pled system10, etc. However, the influence of spin-orbit
coupling on the Kondo effect is far from unclear up to
now.
For the single-impurity problem, the relationship be-
tween the Kondo temperature and the spin-orbit coupling
has attracted much attention. Malecki pointed out that
the Kondo temperature of Kondo model is robust against
the spin-orbit coupling in two dimensional electron gas11.
Zarea et al. reported that the Kondo temperature is en-
hanced by the DM interaction between the impurity spin
and the two dimensional electron gas with Rashba spin-
orbit coupling12. The enhancement is further confirmed
by perturbative renormalization group study on the one-
dimensional electron wire with Rashba and Dresselhaus
spin-orbit coupling13. However, both NRG calculation14
and quantum Monte Carlo simulation15 show that the
Kondo temperature is almost a linear function of the
Rashba spin-orbit coupling.
For the two-impurity model16–24 in two-dimensional
electron gas with Rashba spin-orbit coupling, Ivanov cal-
culated the Kondo peaks in the even and odd chan-
nels by perturbation theory, and pointed out that the
Kondo temperature has an almost-linear dependence on
the spin-orbit coupling25. However, as far as we know,
it is still a vacancy about the non-perturbative investi-
gation on the Kondo temperature of two-impurity model
in spin-orbit coupled systems. In the previous works,
the indirect RKKY interactions between magnetic im-
purities in spin-orbit coupled systems have been stud-
ied broadly26–29, while, the Kondo effect has not been
valued. It is demonstrated that the RKKY interaction
has three different terms, the isotropic Heisenberg term,
the anisotropic Ising term, and the DM term26. The
problem of a two-impurity model with only the isotropic
Heisenberg interaction has been investigated extensively
in the past two decades for the potential non-Fermi liq-
uid behaviors in this system16–24. Garst et al. stud-
ied the model with only the Ising interaction between
the two impurities, they found that there is a Kosterlitz-
Thouless quantum phase transition between the singlet
and the (pseudospin) doublet states30. In this paper, we
consider the influence of the DM interaction on the ther-
modynamics and the Kondo temperature of the magnetic
impurities.
The rest of the paper is organized as follows. We
present the model Hamiltonian and a benchmark of the
NRG calculation in Sec. II. In Sec. III, two characteris-
tic situations are studied, the distance between the two
impurities R equals to ∞ and π/2 over the Fermi wave
vector kF , respectively. When R =∞, the two impurities
are decoupled, there is only one characteristic tempera-
ture, TK , below which the two impurities are screened by
the itinerant electrons. We assume that there is an addi-
tional DM interactions between the two impurities, cal-
culate the impurity entropy and the specific heat of this
model, and study the effect of the DM interaction on the
variation of the Kondo temperature. When R = π/2kF ,
the two impurities are ferromagnetic coupled at interme-
diate temperatures. There are two stages of the Kondo
screening, the itinerant electrons screen the impurities
2from the ferromagnetic spin-1 state to the spin-1/2 state
and further to the singlet state. We study the effect of
the DM interaction on the characteristic temperature of
the second state of the Kondo screening, T ∗. Finally, a
discussion is given in Sec. IV.
II. MODEL HAMILTONIAN
In order to capture the influence of the DM interac-
tion on the Kondo temperature, we consider the following
model,
H =
∑
k
εkc
†
k
ck + εd
2∑
j=1
∑
s=↑,↓
nj,s + U
2∑
j=1
nj,↑nj,↓
+ V

 ∑
k,j=1,2
eik·Rj c†
k
dj +H.c.

+ λ (Sx1Sz2 − Sz1Sx2 ) ,
(1)
where ǫk is the conduction band energy of state with
wave-vector k, c†
k
and ck are the creation and the annihi-
lation operators of the itinerant electrons. Here we con-
sider a structureless, half-filled, noninteracting conduc-
tion band, measured from the Fermi level, ranging from
−D to D (D is the effective band width of the conduc-
tion band), such that the first term can be rewritten as,∫D
−D
dεεc†(ε)c(ε). The index j (j = 1, 2) denotes the two
impurities, located at R1 = −R2 = R/2, R is the rela-
tive distance of the two impurities. ǫd is the impurity en-
ergy level, nj,s = d
†
j,sdj,s is the occupation number of the
j-th impurity state with spin s (s =↑, ↓). d†j,s and dj,s are
the creation and the annihilation operators of the spin-s
impurity states at the jth location. U is the Coulomb
repulsion between the electrons occupying the impurity
states. V is the hybridization strength between the im-
purity states and the conduction band states. H.c.means
Hermitian conjugate. Sαj =
1
2d
†
j,s1
σαs1,s2dj,s2 , α = x, y, z,
σx,y,z are the three spin Pauli matrices. λ is the DM
interaction strength between the two local moments.
Following the standard procedure in NRG
calculations24,31, we define the annihilation opera-
tors of the even and odd channels of the conduction
band,
fS,s(ε) =
∑
k
cos
(
k ·R
2
)
δ(ε− εk)√
ρ(ε)γ+(ε)
ck,s, (2)
fA,s(ε) = −i
∑
k
sin
(
k ·R
2
)
δ(ε− εk)√
ρ(ε)γ−(ε)
ck,s, (3)
where s =↑, ↓ is the spin index, S and A refer to the
even and odd channels respectively, ρ(ε) is the den-
sity of states, γ±(ε) = 1 ± sin(kεR)kεR in three-dimensional
systems, kε is the wave-vector of the conduction band
electrons with energy ε. These fermionic operators,
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FIG. 1. (color online) Thermodynamics vs. temperature for
the two-impurity Anderson model (λ = 0). The blue line
with ”⋄” and the red line with ”◦” refer to the impurity en-
tropy and the impurity specific heat, respectively. They are
both calculated using the U(1) charge symmetry. The black
lines with ”+” and ”×” represent the impurity entropy and
the impurity specific heat, respectively. They are calculated
using the U(1) charge and SU(2) spin rotation symmetries.
Parameters used in calculations are: Γ = 5pi/4D, εd = −50D,
U = 100D, R = pi/2kF . The Hamiltonian is discretized with
Λ = 5, and the results are averaged over four z’s, z = 0.25,
0.5, 0.75 and 1.0.
fS,s(ε), fA,s(ε), f
†
S,s(ε), and f
†
A,s(ε), satisfy the standard
anti-commutation relationships, {fI,s(ε), f †I′,s′(ε′)} =
δII′δss′δ(ε − ε′), I and I ′ are the channel indexes. Us-
ing Eqs. (2)-(3), we can rewrite the Hamiltonian in the
energy representation,
H =
∑
I=S,A
∫ D
−D
dεεf †I (ε)fI(ε)
+ εd
∑
I=S,A
nI + U
∑
j=1,2
nj,↑nj,↓ + λ (S
x
1S
z
2 − Sz1Sx2 )
+
√
2Γ
π

 ∑
I=S,A
∫ D
−D
dε
√
γI(ε)f
†
I (ε)dI +H.c.

 , (4)
where dS = (d2+d1)/
√
2, dA = (d2−d1)/
√
2, nI = d
†
IdI ,
Γ = πρV 2 represents the hybridization strength among
the impurities and the itinerant electrons. This expres-
sion (4) is suitable for the NRG calculation. Before the
detailed calculations, we demonstrate that both the in-
version symmetry, k ↔ −k, R1 ↔ R2, and the SU(2)
spin rotation symmetry are broken by the DM interaction
between the two impurities. Only the U(1) charge sym-
metry is preserved for the non-vanishing DM interaction,
which makes the NRG calculation very expensive.
The discretization has been performed using the
scheme from Ref. 31. NRG parameters are set to be
Λ = 5, twist-averaging over Nz = 4 discretization grids,
z = 0.25, 0.5, 0.75, 1. In each NRG calculation, 4000
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FIG. 2. (color online) Thermodynamics vs. temperature for the two-impurity Anderson model for different DM interactions,
R = ∞. (a) The impurity specific heat, C/kB , vs. temperature. (b) The impurity entropy, S/kB , vs. temperature. (c)
The impurity entropy vs. rescaled temperature, the insert shows the unscaled impurity entropy vs. temperature in log-log
coordinate. (d) The variation of Kondo temperature vs. DM interaction fitted using two different methods. The green line
with ”◦” is fitted using the low temperature universal curve of the impurity entropy, the red line with ”•” is fitted using the
peak of the impurity specific heat. Parameters used in calculation are, Γ = 5pi/4D, εd = −50D, U = 100D. The Hamiltonian
is diagonalized with Λ = 5, and the results are averaged over four z’s, z = 0.25, 0.5, 0.75 and 1.0.
states are kept.
Here we consider a special case for benchmark, in
the limit λ → 0, the DM interaction is vanishing, the
model (4) tends to the traditional two impurity Anderson
model, which preserves inversion symmetry, U(1) charge
symmetry and the SU(2) spin rotation symmetry. Fig.
1 shows the specific heat and the entropy of this special
case with R = π/2kF , calculated using different symme-
tries. One can find that these results are consistent to
each other and those give in Ref. 31. These results jus-
tify the validity of our calculations, and the conclusion
that 4000 states kept in each NRG iteration is sufficient.
III. NUMERICAL RENORMALIZATION
GROUP RESULTS
Here we consider the case R = ∞. In this case, the
RKKY interaction between the two impurities is van-
ishing. However, we assume that there may exist a
non-vanishing DM interaction between the two impuri-
ties (This is experimental accessible, i.e., in spin-orbit
coupled systems, the distance between the impurities is
proper such that the isotropic Heisenberg like RKKY
interaction is vanishing and the DM like term is non-
zero26). We study the thermodynamics of the impurities
via NRG method to identify the effect of DM interaction
on the Kondo temperature. The black line with circles
in Fig. 2(a) shows the specific heat of the two-impurity
Anderson model (with DM interaction λ = 0), where
the Kondo temperature is located at kBTK ≈ 10−5D,
kB is the Boltzmann constant. One can find that it is
consistent with the result given in Ref. 32. For the in-
creasing DM interaction from λ = 0 to λ/D = 10−3,
the peak of specific heat moves from kBT/D ≈ 10−5 to
kBT/D ≈ 10−4, which demonstrate that the Kondo tem-
perature is enhanced by the DM interaction. If we use
the relative position of the peak of the specific heat to
identify the variation of the Kondo temperature, i.e., the
peak of the red line with dots (λ/D = 2×10−4) is located
at kBT/D = 2.53× 10−5 while the black line with circles
(λ = 0) at kBT/D = 8.25×10−6, so that the Kondo tem-
perature is enhanced for TK(λ/D = 2 × 10−4)/TK(λ =
0) = 3.1. The red line with dots in Fig. 2(d) shows the
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FIG. 3. (color online) Thermodynamics vs. temperature for the two-impurity Anderson model for different DM interactions,
R = pi/kF . (a) The impurity specific heat vs. temperature. (b) The impurity entropy vs. temperature. (c) The impurity
entropy vs. rescaled temperature. (d) The variation of Kondo temperature vs. DM interaction calculated using two different
methods. The green line with ”◦” is fitted using the low temperature universal curve of the impurity entropy, the red line
with ”•” is fitted using the peak of the impurity specific heat. Parameters used in calculation are, Γ = 5pi/4D, εd = −50D,
U = 100D. The Hamiltonian is diagonalized with Λ = 5, and the results are averaged over four z’s, z = 0.25, 0.5, 0.75 and 1.0.
fitted results of the variation of the Kondo temperature
versus the DM interaction in this method. One can find
that it is almost a linear function, which is consistent with
the perturbation theory results given in Ref. 25. How-
ever, there is another method to identify the Kondo tem-
perature via the universal curves. In the original paper
33, the Kondo temperature is defined via the universal
curve of the product of temperature and spin suscepti-
bility versus the temperature. For the spin-orbit coupled
system with DM interactions, the spin rotation symmetry
is broken, spin susceptibility is generally a tensor, e.g.,
χx 6= χy, it is difficult to choose the proper component
of the spin susceptibility as the universal curve. Here
we use another low temperature universal curve, the im-
purity entropy34, to identify the variation of the Kondo
temperature versus the DM interaction. Fig. 2(b) shows
the impurity entropy versus the temperature for differ-
ent DM interactions. The entropy decays from the high
temperature free spin value kBln(4) to close to zero in
the region kBT/D ≈ 10−3 to 10−6. For a larger DM
interaction in the parameter region 0 < λ/D < 10−3,
the entropy decays to zero faster. Which demonstrates
that the DM interaction between the two impurities helps
the itinerant electrons to screen the magnetic impurity
states, so that the Kondo temperature is enhanced by
the DM interaction. As shown in the insert of Fig. 2(c)
with log-log coordinates, in the low temperature regime
(kBT/D ≤ 10−6), the entropies manifest universal be-
haviors for different DM interactions. As given in Fig.
2(c), we make these curves coincide to each other in the
low temperature regime by shifting the horizontal coor-
dinates. We use the shifting ratio to define the variation
of the Kondo temperature, TK(λ)/TK(0), for different
DM interactions. The green line with dots in Fig. 2(d)
shows the Kondo temperature versus DM interactions via
this method. One can find that the Kondo temperature
is dramatically enhanced by the DM interactions. Fur-
ther numerical analysis show that the ratio TK(λ)/TK(0)
presents quadratic dependence on the DM interactions in
the parameter region 2× 10−4 < λ/D < 7× 10−4. These
analysis demonstrate that different definitions of Kondo
temperature may lead to different conclusions about the
Kondo temperature dependence on the spin-orbit cou-
pling.
Now we consider the other case, R = π/2kF , the
RKKY interaction between the two impurities is ferro-
5magnetic. If the DM interaction is vanishing, there are
three characteristic crossover of the model32, from the
free-impurity regime with entropy S = kBln(4) to the
FM coupled regime with entropy S = kBln(3), then the
even-channel of the conduction band screen the total spin
from 1 to 1/2, so that the entropy decays to S = kBln(2),
finally, 1/2-spin state is screened by the odd-channel con-
duction band, and S = 0. Three peaks of the specific
heat (see the black line with circles in Fig. 3(a) for de-
tails) correspond to these crossovers. For a small DM
interaction λ ≤ 3.0 × 10−4, the first and second stage
(kBT/D > 10
−6) of the specific heat and the entropy
are hardly effected by the DM interactions. One can find
that almost all of the lines are coincide to each other in
this temperature region in Fig. 3(a) and 3(b). However,
the screening of the total 1/2-spin state is dramatically
effected (kBT/D < 10
−6). Here we present the quan-
titative results. We denote the characteristic tempera-
ture of the second stage of the Kondo screening as T ∗
(kBT
∗/D < 10−6), then as same as the previous situa-
tion, we have two methods to identify the effect of the
DM interaction on T ∗. The first is using the peak of the
specific heat, and the second is using the universal curves
of the low temperature entropies. These results are given
in Fig. 3(d). We find that a very small DM interaction
(λ/D = 1×10−5) suppresses the Kondo temperature T ∗.
Then the Kondo temperature T ∗ is almost exponentially
enhanced by the DM interactions. λ changes for only
three times from 1.0×10−4D to 3.0×10−4D, whereas the
Kondo temperature has been changed for 5 orders of mag-
nitude. For a DM interaction as large as λ/D ∼ 10−3, we
find that the second state of the Kondo screening is fully
suppressed by the DM interaction, and the entropy de-
cays from kB ln(3) to 0 directly. This demonstrates that
the 1/2-spin state is totally destroyed by the DM inter-
action if λ/D ∼ 10−3. We have to emphasize that the
ferromagnetic RKKY interaction between the impurities
is as large as32 −5.3 × 10−3D. The characteristic DM
interaction we used (i.e., 3.0 × 10−4D) is much smaller
than this value, such a DM interaction is experimental
feasible.
IV. DISCUSSION
In this work, we use the NRG method to study the
thermodynamics and the effect of the DM interaction on
the Kondo temperature of the two-impurity Anderson
model. We use two methods to identify the relationship
between the DM interactions and the variation of the
Kondo tempereture. Two situations have been consid-
ered, the first situation is the RKKY interaction induced
by the itinerant electrons is vanishing. In this case, we
find that different definitions of the Kondo temperature
may lead to different results. if we use the peak of the
specific heat to identify the variation of the Kondo tem-
perature, we find that the Kondo temperature is almost
a linear function of the DM interaction. This is qualita-
tively consistent with the results from perturbation the-
ory analysis25. However, if we use the low temperature
universal curves to identify the variation of the Kondo
temperature, we find that the Kondo temperature is al-
most a quadratic function of the DM interaction. These
difference indicates that the previous debates on the ef-
fect of the spin-orbit coupling on the Kondo temperature
may come from the different definitions of the Kondo
temperature. The second situation is the RKKY interac-
tion is ferromagnetic. There are two stages of the Kondo
screening. Both the two methods demonstrate that the
second stage of the Kondo screening, T ∗, is dramatically
effected by the DM interactions. An small DM inter-
action, which is 1 order of magnitude smaller than the
ferromagnetic RKKY interaction between the two impu-
rities, can enhance the T ∗ for 5 orders of magnitudes.
This is dramatic different from the perturbation theory
results25. In the previous studies, the perturbation renor-
malization group analysis show that the Kondo temper-
ature can be enhanced by the DM interaction exponen-
tially for the single-impurity Anderson model12. How-
ever, the NRG calculation14 and quantum Monte Carlo
simulation15 show that the Kondo temperature is almost
a linear function of the spin-orbit energy. Some other
NRG analysis find that the Kondo temperature is ex-
ponentially enhanced by the spin-orbit coupling35. How-
ever, the density of states on the Fermi surface is changed
by the spin-orbit coupling in their analysis. In our study
on the two-impurity Anderson model, the density of state
ρ = 1/2D is set as a constant for different DM inter-
actions, which demonstrates that the exponentially en-
hancement of the Kondo temperature is essentially in-
duced by the DM interaction rather than the alteration
of the density of states on the Fermi surface.
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